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Abstract. In 2007, A. I. Aptekarev and his collaborators discovered a sequence of 
rational approximations to Euler's constant 7 defined by a linear recurrence. In this 
paper, we generalize this result and present an explicit construction of rational approx- 
imations for the numbers ln(6) — tfj{a + 1), a, 6 e Q, 6 > 0, a > —1, where ip defines 
in , the logarithmic derivative of the Euler gamma function. We prove exact formulas for 

denominators and numerators of the approximations in terms of hypergeometric sums. 
. As a consequence, we get rational approximations for the numbers 7r/2±7. We compare 

' the results obtained with those of T. Rivoal for the numbers 7-|-ln(&) and prove denom- 

• , inators conjectures proposed by Rivoal for denominators of rational approximations for 

' 7 -|- In (6) and common denominators of simultaneous approximations for the numbers 

C3 ! 7 and C(2) - 7^. 
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00 ' 1. BBEflEHHE 

^ ■ 1. riycTb a,b E'K, b > 0,a > —1. PaccMoxpHM MHoroHjien 5lKo6H-JIareppa 
^ ■ nV 1 — X 

JIBJISIOmHHCH COBMeCTHO OpTOrOHajIBHblM MHOrOHJieHOM OTHOCHTejIBHO ^^ByX BeCOBblX 
(|)yHKLi;HH 

XI : wi{x) = x%l - x)e-^^, W2{x) = x%l - x)e-''^ ln(x) 

' 

Ha npoMejKyxKax Ai = [0, 1] h A2 = [1, +00), h ^Jia KOToporo hmciot mccto cjie^yioin;He 
cooTHomeHHa opxoroHajibHOCTH 

x''Ql^'^\x)wk{x)dx = 0, i/ = 0,l,...,n-l, j,k = 1,2. 

CoBMecTHo opToroHajiBHBie MHoroHjieHbi ([1]) 6l.ijih BBej^eHhi b cxaxbe [2j. B paGoxe 
[3] MHoroHjieHBi qI^'''^ npn a = 0, 6 = 1 BnepBbie 6l.ijih npHMeneHbi ^jia nocxpoeHHH 
pan;HOHajibHL.ix npnGjiHaceHHii nocxoaHHoii 3iijiepa 

/ 1 1 
7 = lim IH h - — \- - — Ink 

fc-s>oo \ 2 k 

riojiyHeHHtie npnGjiHJKeHHH xoxh h ne hosbojisiox ^oKasaxt Hppan;HOHajibHocxB 7, 06- 
jia^aiox ^ocxaxoHHo xoponiHMH cBoficxBaMH. MncjinxejiH p„ h sHaMenaxejiH g„ pan;HO- 
HajiBHbix npnGjiHJKeHHfi hbjihioxc3 ij,ejiL.iMH HHCjiaMH, 3a;i,aBaeML.iMH peKypcneii xpexbero 
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(16n - 15)g„+i =(128n^ + 40n^ - 82n - 45)g„ - ^^(256^^ - 240^^ + 64n - 7)g„- 
+n\n-lf{16n + l)qn-2 

C HaHajIbHblMH yCJIOBHSMH 

Po = 0, pi = 2, p2 = 31, 
go = 1, qi = 3, q2 = 50, 

H HMeioiii,HMH cjie^yiomyio acHMnxoTHKy 



2n 

l/2^ 



p„ - 7g. = (2n)!^ ( ^ + 0(n-V2; 



(3) 

^ V(4e)3/8 

TaKHM o6pa30M, pexyppeHTHbie cooTHomeHHH ([2]) onpe^ejiaioT pan;HOHajTbHL.ie npnGjin- 
>KeHH3 nocT03HHOH 3Hjiepa 

^ - 7 = 27re-2v^ (l + 0{n-^/^)) , n -> oo. 

L[ejioHHCJieHHocTb nocjie^oBaxejibHocTeH p„ h g„ ne cjie^yex nenocpeflCTBeHHo hs ([2]) h 
Gbijia flOKaaana neaaBHCHMo b [12] c noMomtio paccMoxpeHHH Gojiee "njioTHofl" nocjie- 
^OBaxejiBHocTH pan;HOHajiBHt.ix npnGjiHJKeHHH k 7, hhcjihtcjih h snaMeHaxejiH Koxopofi 
yflOBjiexBopaiOT Gojiee npocxbiM peKyppeHXHtiM cooxHomeHHaM. OcHOBHyio xpy^Hocxt 
pa6ox |3l[T2] npeflcxaBjiaex HaxojKfleHHe peKyppenxHbix ypaBHeHHH, Koxoptie onnpaioxcii 
Ha peKyppeHXHBie cooxHomeHHa ^jis MHoroHjienoB ([T]). 

B HacxoHmefi cxaxte mbi o6o6in;HM KOHcxpyKn;Hio pa6oxt.i [3] h nocxpoHM pan;HOHajib- 
Hbie npnGjiHJKeHHa hhccji ln6— '?/'(a+l), r^e a, 6 G Q, a > —1, 6 > 0, ip^z) onpeflejiaex 
jiorapH(|)MHHecKyio npoHSBo^nyio raMMa-(|)yHKLi;HH Bfljiepa (hjih flHraMMa-4)yHKii;Hio) 

^(.) = -iogr(.) = ^ = -7 + $:(^-^j, 

npH 3XOM = —7. Mbi ^a^HM HBHbie (|)opMyjit.i fljia HHCJiHxejieii h sHaMeHaxejieii 3xhx 
npnGjiHaceHHii b xepMHHax rnnepreoMexpHHecKHx cyMM, a ocxaxKOB npH6jiH>KeHHH 
— B xepMHHax rHHep3KCHOHeHH;HajibHbix HHxerpajioB. Xopomo pasBHxaa xexnnxa ^jia 
pa6oxt.i c xaKHMH o6x.eKxaMH (cm. [TJ [T]), peajinaoBaHHaa b ajiropnxMax EKHAD h 
MultiAlmkvistZeilberger, conpoBOJK^aiomHX nporpaMMHtm naxex MAPLE, nosBOjiaex 
nojiynaxb peKyppenxKbie ypaBHCHHa, aaflaromne paii,HOHajiBHbie npnGjiHJKeHHa, aBxoMa- 

XHHeCKH. 

C(|)opMyjiHpyeM pesyjibxaxbi, flOKasBiBaeMbie b cxaxbe. Hycxb, xax o6l.ihho, (a)o = 1, 
{a)n = a,{a + 1) . . . (a + n — 1), n > 1, oGosHanaex chmboji HoxraMMepa hjih c^^BHHyxbm 
(|)aKxopHaji. THHepreoMexpHHecKaa (|)yHKn;HH Faycca F{a, b; c; z) npn KOMHjieKCHbix 
HapaMexpax a, b, c onpe^ejiaexca KaK cyMMa pa^a 

(4) F(a, b- c;z) = f2 ^-^^z', c ^ 0, -1, -2, . . . . 
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EcjiH a n b oTjiHHHbi ot 0,-1, —2, . . . , to rHnepreoMexpHHecKHfi psfl^ aGcojiioTHo 
cxoflHTca fl^jis Bcex SHaHeHHfl z, jieacamnx BHyxpn Kpyra \z\ < 1. Ecjih ofl^nn h3 na- 
paMBTpoB a, b paeeH n;ejioMy HenojiojKHxejibHOMy HHCJiy, to pa/i; @ o6pt.iBaeTC5i na 
KOHeHHOM HHCJie cjiaraeMbix, h rHnepreoMexpHHecKaa (|)yHKn;H5i aBjiaexcH MHoroHjienoM 
OT 2. HycTB Hn{ot) o6o3HaHaeT nacTHHHyio cyMMy rapMOHH^ecKoro pH^a 

n ^ 

Hn{a) = ^— — , a 7^ -1, . . . , -n, n > 1, ifo(«) = 0, 

fe=i 

if„ := if„(0), H — HaHMeHbinee oGmee xpaxHoe HHceji 1,2, ... ,n. Bcio;];y b ^^ajiBHeii- 
meM CHHxaeM, hto cyMMa (npoH3Be;i,eHHe) no nycxoMy MHoacecxBy SHaneHHii HHj^eKca 
paBHa (paBHo 1). 

TeopeMa 1. /(ah aw6o30 v^eAoeo n > cnpaeedAueo CAedymvut^ee npedcmaeAenue: 

Q^:''\x)x''e-''''\n{x)dx = Pn-qn{Hb)-^{a + l)), 



T{a + l] 



<ln = J2[l] (a + l)„+fe6"-'=GZ[a,6], 

fc=0 ^ ^ 

Pn = J2[k) ia + '^)n+kb"'''Hn+k{a) 

k=l m=0 Z=0 \ ' / \ / \ / " 

Upu amoM dAH nocAedoeameAbHocmeu u Pn UMemm Mecmo CAedymvuue acuMnmomu- 
HecKue (popMyAu: 



gn = (2n)!^(c(a,6)+0(n-V2)) 



/26n 



— e 



n — oo 



Pn - g„(ln6 - V^(a + 1)) = (2n)\ --^(l-acia, b) + Oin^^l^)), n ^ oo 



n 
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c{a, b) = 27r(a + l)/(867r2e3^/2)i/4_ 

riocjie^oBaTejibHocTH g„ h p„ hs TeopeMbi [1] sBjiaioTca pemeHHHMH peKyppeHTHoro 
ypaBHeHHH xpeTbero nopa^^xa c nojiHHOMHajiBHbiMH K03(|)(|)Hn;HeHTaMH, saBHcamnMH ot 
a H 6. 3to peKyppeHTHoe ypaBHCHHe jierxo mojkct Gbitb BbinncaHO npH KOHKpexHbix 
sHaneHHHx a h 6 (cm. saMenanHe k jicmmc H]). O^^naKo, mbi ne npHBo^HM ero a^ect. b 
oGmeM Bnflfi B cHJiy rpoM03;i,KocTH ero K034)(|)Hii;HeHTOB. 

SaMCTHM, HTo npH a = 0,b = 1 nojiynenHbie npnGjinaceHHs coBna^aioT c paii;HOHajib- 
HBiMH npH6jiH>KeHH5iMH AnxeKapcBa ^jia KOHCTanTbi SHjiepa. Teu caMbiM, xeopeMa 1 
flaeT sBHbie (|)opMyjit.i ^jia g„,Pn h3 ([3]) 

(5) ?n = X;(^)'(^ + ^)!' 
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k=0 ^ ^ k=\ m=0 l=Q \ / \ / \ / 

OTKy;];a cjiepyeT He tojibko n;ejioHHCjieHHocTb nocjie^^oBaxejibHocTefi Qn ^ Pn-, ho xaKJKe 
H ^ejiHMocTb qn Ha n!, a p„ na HosTOMy jiHHeHHbie (|)opMt.i ([3]) mojkho coKpaxHTb 

Ha Gojibmoii oGmnfl MHOJKHTejib : nojiyHeHKbie cjDopMbi xaKJKe Gy^yx HMexb n;ejit.ie 
K03(|)(|)HH,HeHXL.i, o;i,HaKo, sxoro Bce paBHo He;];ocxaxoHHo ;i,oKa3axejibcxBa HppaH,Ho- 

HajIBHOCXH 7. 

OxMexHM HecKOjiBKO cjie;];cxBHii xeopeMbi [1] HpH a = 0, 6gQ, 6>0 nojiynaeM 
pan;HOHajibHbie HpnGjinacenHH 7 + ln(6). 

Cjie/],CTBHe 1. IJocAedoeameAhHocmu 

n / \ 2 

k=o ^ ^ 

k=l m=0 Z=0 \ I / \ / \ / n 

ydoeAemeopHmm CAedymineMy acuMnmomuuecKOMy paeencmey 

^ - (ln(6) + 7) = 27re-'^(l + 0(n-^/^)), n ^ 00. 

Qn 

SaMenaHue. HpH 6 ^ | + yN Hocjie;];oBaxejiBHocxH p„ h g„ hs cjie;i,cxBH3 [1] ajibxepna- 
XHBHO Moryx GbixL. sa^aHBi xax pemenHa peKyppenxHoro ypaBHeHHH xpexbero nopa^Ka 

(16n-36 + 4)/„+2 

= (128^3 + 8n% - 6nb^ + 416n^ - 12nb - 96^ + 400r2 - 386 + 88)/„+i 

-{n + 1)2(256^3 - A8n% + Wnb"^ - 3b^ + 576^^ - A8nb + 86^ + 384n - 126 + 80)/„ 

+ 6V(n + l)2(16n - 36 + 20)/„_i 

C HaHajIbHblMH yCJIOBHJIMH 

Pq = 0, Pi = 36 - 1, p2 = 96^ + 446 - 22, 
go = 1, gi = 6 + 2, gs = 26^ + 246 + 24. 

HpH 6 = 1, aG Q, a>—l nojiynaeM pan,HOHajiBHt.ie npnGjiHJKenHa snaHeHHli ^nraMMa- 
(|)yHKn;HH ^/'(a + 1). 

Cjie^^CTBHe 2. /7pu a G Q, a > — 1 umccm 

iP{a + l)- — = 2'Ke-^'^{l + 0{n-^'^)), n ^ 00 

Qn 

sde 
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k=l m=0 1=0 ^ 
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Hpn b = 1/8, a = —3/4, a = —1/4 nojiynaeM paii;HOHajibHi>ie npnGjiHJKeHHa ^jih hhccji 
7r/2±7. 

Cjie^CTBHe 3. UocAedoeameAhHocmu 



n\ 1 



n 



k V4 



e: e 



fc=0 ^ ^ ^ ^ "+A: 



fc=0 ^ ^ ^ ^ "+« 1=1 

-EEE^G.:,)C!;)C7^-)a 

aadawm pav^uoHaAhHue npu6AUMceHUfi hucag 7 + 7r/2 

^ - [7 + ^] = 27re-v^(l + 0{n-'/')), n ^ 00. 

SaMenaHue. nocjieflOBaxejibHocTH g„ h p„ hs cjieflCTBH5i[3]TaK>Ke Moryx Gbitb sa^aHbi 
KaK pemeHHH peKyppeHXHoro ypaBHCHHa 

(2n -l){n + 2)(2048n^ - 304^^ - 456n + 153)/„+2 

= (2097152n^ + 7618560n^ + 7195136n^ - 1843584ra^ - 3710560n^ + 569496^^ 
+ 505524n - 142182)/„+i - 4(n + l)(67108864ra^ + 191365120n^ + 149225472^'^ 
- 2504192n^ - 43117824n^ - 10174400n^ + 2244800^^ + 726450n + 45729)/^ 
+ 256(2ra + l){n + l)(2048n^ + 5840^^ + 5080n + 1441) (4r2 - Sfn^fn-i 

C HaHajIbHblMH yCJIOBHHMH 

= 0, pi = 68, p2 = 31596 H go = 1, Qi = 22, gs = 10820. 
Cjie/i,CTBHe 4. UocAedoeameA'bHocmu 



E 



n\ 6 



.k \ A , 



:>n+k 



f» = 2EEE 



\k + I J \m J \ I J \4: , 

k=l m=0 1=0 \ ' / \ / \ / \ / m+n+l 



aadawm pav^uoHaAtHue npu6AUMceHusi uucAa 7r/2 — 7 

(l-^)-P^ = 27re-^(l + Oin-'/^)), n ^ 00. 

SaMeuaHue. nocjie^OBaxejibHOCTH g„ h p„ hs cjieflcxBHa H] aBjiaioTca pemeHH3MH 
peKyppeHTHoro ypaBHeHHsi 

+ 2)(4096n^ + 2464^3 - 736n^ + 58n - 3)/„+2 

= (2097152n^ + 11288576n^ + 21899776ra^ + 17372032n^ + 3526048n^ - 1084856n^ 

- 1807672 + 4298)/„+i - 4(n + l)(67108864nS + 342360064n^ + 664600576^'^ 

+ 613444096n^ + 259912960n^ + 2744838471^ - 10104768^2 - 1517358n + 191079)/„ 

+ 256(n + l)(4096n^ + 18848n^ + 31232^^ + 22362n + 5879) (4n - ifn'^fn-i 

C HaHajIBHblMH yCJIOBH3MH 

= 0, pi = -12, p2 = 8596 H go = 1, qi = 90, ga = 62916. 

2. B paGoxe [IQj T. PHBoajib npefljioacHji ajiBTepHaTHBHbifi ueTOfl, nojiyneHKH pa- 
n,HOHajit>HL.ix npnGjiHJKeHHH aHaneHHH 7 + ln(x), x G Q, x > 0. JXjis stoh ij,ejiH PHBoajib 
HcnojibsoBaji o6o6iii;eHHt.ie MHoroHjienbi Jlareppa 

n'r 

aBjisioin,Hec3 coBMecxHo opToroHajitHtiMH MHoroHjienaMH na [0, +00) oTHocHxejiBHo Be- 
coBbix (J)yHKii,HH wi{x) = H W2{x) = e~^ln{x). nocTpoeHHbie hm npnGjiHJKeHHs 

HMeiOT BHfl 

(6) 



00 



{n+ir I "^-^^(^^^Mt) -^"(^)-^"+i(^) (in(t)-ln(x))e-^cit = g„(x)(ln(x)+7)-Pn(x), 

t — X 



r^e n!2p„(x),r2!2Q„(x) G degP„,Q„ < n + 1, Q„(x) = 0(exp(3a;i/3^2/3 _3,2/3^i/3))^ 

0(exp(-9/2xi/^n2/3 + 3/2x^/''n'/')). 



H 

B [To] T. PHBoajib BbicKasaji npe;];nojiojKeHHe, hto sHaMenaTejieH Qn{x) HMeeT mccto 
Gojiee cxporoe BKjiioHeHHe. 

npe/i,nojio>KeHHe 1. /(/i^ Am6o20 v^eAozo n > 0, n\ Qn{x) G Z[x]. 

AnajiorKHHoe npe^nojiojKeHHe Gbijio BbicKasano b [ID] nocjie;];oBaTejit.HocTH 6„, 
npe^CTaBjiaromeli o6iri;He SHaMeHaxejiH cobmccthbix npnGjiHJKeHHH HHceji 7 h (^(2) — 7^ 
no 4)opMyjiaM 

. , ^,3/- i„(t)i„+i(l)-A„+i(t)i„(l) , _ 

(7) [n + ly \n{t)e dt = ai,„ - 6^7, 

Jo i — t 



(n + l)7 ^— ^ (In (t) + 27ln(t))e dt = 6„(C(2) - 7 ) - 02,. 
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H ai,n,«2,n,&n ^ (3n)!(3n+2)! 



npe/i,nojio:a<;eHHe 2. /(/i^ ak)6ozo ii^eAozo n > 0, n\ bn G Z. 

B HacToamefl cxaxbe ml.i ;i,oKa3t.iBaeM Gojiee oGmee yTBep>K;];eHHe, hs Koxoporo cjie- 
flymT o6a npe;];nojio>KeHH3 PHBoajia, a xaKace Gojiee TOHHbie on;eHKH ^jih sHaMenaTejiefi 
paccMaTpHBaeMbix nocjie^^oBaxejiBHocTefi. 

TeopeMa 2. Uycm-b s u {As^n)n>o nocAedoeameAtHocmh o6o6m,eHHUx MHOsoHAenoe 
JIazeppa, aadauHasi peKypcueno: 

Ao,n{x) = 1, Ar+i,nix) = (x^c"^ A,,„(a;) ) , r > 0. 
Tosda dASi unmespaAoe 

J, „(x) := {n + ly r ^s,n+i{x)A,^r.{t) - A,^^{x)A,^+^{t) 
Jo t-x 
cnpaeedAueo CAedymu^ee npedcmaeAenue 

sde 

As^n+l{t)As,n{x) - As,n{t)As,n+l{x) 



u n\ 



s-l 



Jo t-x 
Qs,nix),D^n\'-^Ps,nix) G Z[x]. 



Cjie^CTBHe 5. JJasi MHosoHAenoe Qn{x), Pn{x), onpedeAennux e ([6]), UMemm Mecmo 
CAedywmue eKAmuenuA: n\Qn{x), Dnn\Pn{x) G Z[x]. 

Cjie/i,CTBHe 6. fl^Afi nocAedoeameAhHocmeu bn, ai,n, a2,n, onpedeAennux e (^^, uueeM 

AHajiorHHHbiH nojixofl, npHMeHHM xaKxce k paGoxe PnBoajia [11], r^e c noMomtio 
o6o6iri;eHHL.ix MHoroHjienoB JIareppa BRjia 

nr 

GbijiH nojiyneHbi pan;HOHajiBHt.ie npH6jiH>KeHHa ^jia HHCJia ^-^^r^, a, a; G Q, a > —1, 
a; > 0. B 3TOH KOHCTpyKij,HH HHCjiHxejiH H sHaMenaxejiH pan;HOHajibHt.ix npnGjiHJKeHHfi 
onpe^ejiHioTca h3 pasjiojKeHHH cjie^yiomero HHxerpajia 
(9) 

/ (i„,a(a;)in+i,aW - An+i,a{x)An,a{t)) -e'^ dt = Qn{a,x)T{l + a) -x"P„(a,x), 

Jo X — t 

npH 3TOM 



r(a + 1) Pn{a,x) 



x°' Q 
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n!2(n+l)!2(dena)2"+^(denx)'"^^P„(a,x), n!2(n+l)!'(dena)^"+'(denx)'"-^Qn(a, a;) G Z, 

r^e den a G N oGosHanaeT sHaMeHaxejib HecoKpaxHMOH ^po6H a. B ^anHoii cHTyan;HH 
TaKJKe B03M0JKH0 cymecTBeHHO yxoHHHTb oij,eHKH SHaMenaTejiefi Qn{a,x) h P„(a, x). 
npe/i,Jio:a<;eHHe 1. TTpt/ a, xGQ, a>— l,x>0 cnpaeedAueu CAedytomue eKAWHenuH: 

(dena;)"+Vf+'Pn(a,x), (denx)"+Va""''Qn(a, x) G ^ , Z, 

(77/ I X ) 

2(^6 /i^ = (den a)" ■ npldenaP^*^'- 

2. BcnOMOrATEJTbHblE JIEMMbl. 
JleMMa 1. Uycmb a, 5 G R, 6 > 0, a > —1. Cnpaeednueu CAedytomue paeencmea: 



CO 



(z) / x'^e-'^'dx ^r(a + l) 







oo 



(zz) / x^e-'"" ln{x) dx = ^^^^^(V^(a + 1) - Info), 



oo 

x'^e"^ ln(x)^ dx = T{a + l)i'ip\a + 1) + ^'{a + 1))). 



^OKasaTejifaCTBO. PaBencTBo (i) Henocpe;];cTBeHHo cjie^^yex ns onpeflejiennH raMMa- 
(|)yHKii;HH 3Hjiepa. /],H(|)(|)epeHii;Hpya (i) no napaneTpy a, nojiynnM [ii). HojiaraH b (ii) 
b = 1 m ;i,H4)4)epeHu;Hpya no a, nojiynnM [iii). □ 

JleMMa 2. (cm. [5, §2.8]) Uycmb a,b,c ^ M., n & c omAUHHO om ompwuameAtHux 
ycAux HuceA u nyAsi, u c — a oniAUHHO om hucca 0,-1, —2, . . . , —n + 1. Tosda 

(z) ^[z^-''+''-^{l-zf+^-^F{a, b; c; z)] = (c-a)nZ"-"-^(l-z)"+^-"-"F(a-n, b; c; z). 
B uacmHocmu, npu a = umccm 

' n+c—l(-\ ^\b—c'\ ( \ ^c—lf-i \b—c—n 



^"+-1(1 _ zf-c] = {c)nz'-\l - zf-'^-^Fi-n, b- c- z). 



dz'' 

(ii) EcAU u c — b omAUHHO om hucca 0, —1, —2, . . . , —n + 1, mo 

^ r^i ~\a+b-CTp(„ h- ^- -vM — ~ — b)n ^a+b-c-n ] 



dz"^ 



[(1 - z)''+'''F{a, b; c; z)] = ' ^" (1 - ;z)"+''-"-"F(a, b;c + n;z). 



3. PAIl,HOHAJIbHbIE nPHbJIH>KEHH5I fl^JlSi ln(6) - ^/'(a + 1). 

riycTB a, 6 G M, 6 > 0, a > — 1. J^ns n;ejioro n > onpe^ejiHM nxerpaji 

(10) E^ = E^:^'^ = / g(f (x)x'^e-^^ ln(x) dx. 

r(a + 1) Jo 
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JleMMa 3. flAH AK)6o80 ii^eAoso n > cnpaeedAueo CAedymw^ee npedcmaeAenue 

En = Qnii'ia + 1) - In 6) + p„, 
sde nocAedoeameAhHocmu Pn u qn onpedcACHU e meopcMe [1] 

^OKasaTejifaCTBO. Hpn n = HMeeM qI^'''^ = 1, n Eq = il){a + 1) — ln(6). HycTb 
n > 1. Hs paBencTB ([1]) h ( ITOj) c noMombio nocjie^oBaxejibHoro HHTerpHpoBaHna no 
nacTSM nojiynaeM 
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n!2 r(a + l) 



ln(x) 
1 — X 



Bbinncjiaa n-yio npoH3Bo;],nyio 4)ynKn;HH ln(a;)/(l — x) no npaBHjiy JIeH6nHn;a, aaxojxmA 
ln(a;) V"'' /'^A /, \\(k\ f ^ \ ln(x) (— 1)'^?t,! 



1 — X 



1 -a;)"+i 



X 



k=0 ^ ^ ^ ^ ^ ^ k=l 

no;i,CTaBji3H nan^ennoe BbipaJKenHe b f|TT]) n nnTerpnpya no nacxaM, naxo^HM 



L2n+a+l foo 



(12) 



" r(a + l)n!yo 



Inx 

(1 



(n) 



X 



n—k 



^ A; V(l-^) 



\n-k+l 



in)- 



X x"+"(l-x)^"+^e-^^rfa;. 



ripHMenHa npaBHjio JIeH6nHn,a n jieMMy [21 BbinncjinM ?7,-L.ie npoHSBOflHbie b 4)opMyjie 
(EI). HMeeM 



ln(x) 

[1 

ln(x 



(n) 



fe=0 
n \ (") 



X" 



— X 



in+1 



(n-fc) 



(1 -x)"+i 
rz! ln(x 



^ fn\ (-1)'=(A;- 1)! 



fc=i 



X 



(1 -x)"+i 



(n-fc) 



■^\kj k(l — x) 



2n+ 



Y:^F{k — n, k — n; k + 1; x). 



Anajiornnno, no jieMMe [2] naxo;];HM 

„n-k \ (") 



X" 



(1 - x)"-'=+i 



- A;)! ((1 - xf^-^'^-^Fik -n,k-n;l; x)) 



(fc) 



n! 



! I (1 - xf~'''-^F{k -n, k-n; k + 1; x) 



Tor^a 



(13) 



' POO 

/ x"+"e-''^ ln(x)F(-n, -n; 1; x) rfx 
Jo 



" r(a + i)[yo 

-2 ^ ^— ^ i\ x"+"(l - xfe-^'^Fik -n, k-n; k + l; x)dx 
k=i \ / Jo 



HHTerpajit.1 b (fTSj) MoryT GbiTb sbho Bt>iHHCJieHt>i no jicmmc [T] ^eiicTBHTejiBHo, 

E(:)' '''';itr'' w"+^+''+i)-'-'W) 



(14) 



fc=0 

/I^jiH BToporo HHxerpajia HMeeM 



POD 

/ - xfe-^'^Fik -n,k-n-k + l-x)dx 

Jo 



k n—k 



m=0 Z=0 

nX"^^^ ^\mf^\f^~^\f ^ \ r(m + n + / + a + 1) 

/ m=0 «=0 \ / \ / \ ' / 

HaKOHeu;, h3 ( IT3|) - (fT5|) h (|)yHKii;HOHajibHoro cooTHomenHH ^jih ^HraMMa-4)yHKii;HH 

+ = iIj{z) + Hn{z - 1) 
nojiynaeM Tpe6yeMoe yxBepjK^eHHe. 

JleMMa 4. nycrrih a,h eM., a > —1, 6 > 0. Tozda Basi a'K)6o20 v^eAoso n > umccm 

/l^OKasaTejibCTBO. Ho^^cTaBHM Bt.ipa>KeHHe ([1]) b (fTOj) . nojiy^HM 

r(a + l)nV Jq 1 — X 
BocnojibsyeMca npe^cxaBjieHHeM 

ln(x) p du 



1 — x Jq {1 + u){1 + ux) 
H ocymecTBHM n-KpaxHoe HHTerpnpoBaHHe no nacxsM, nojiynnM 

%p,n+a+l roo poo „n n 

E^ = — / / ^ U^^+^n - -bxyn) 

T{a + l)n\Jo Jo + + ^ ^ ^ 

CjiejiaeM saMeny nepeMennon u no (|)opMyjie u = l/{xy) hjih y = l/{xu), HMeeM 

^"^"r(a + 1)^70 L {xy + l){y + l)-+^ 
CnoBa HnTerpnpyH no nacxsM, nojiynnM 

^271+a+l roo roo 2;"+'*y"(l — ^^"in+l^-bx 

H jieMMa ;];oKa3ana. 
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SaMenanue. IlpHMeHaji k nocjie^^OBaxejibHOCTH HHxerpajiOB E^^''''' ajiropHXM Mul- 
tiAlmkvistZeilberger (TeopexHHecKoe o6ocHOBaHHe Koxoporo mojkho naiixH b [T]), ne- 

xpyflHo nojiyHHXb, hto nocjie^oBaxejiBHocxb E^'''^ y^oBjiexBopaex pexyppeHXHOMy ypaB- 
HeHHK) xpexbero nops^Ka c nojiHHOMHajiBHbiMH K03(|)(|)Hi];HeHxaMH. C noMoin;t>K) ajiro- 

pHXMa EKHAD mojkho noKasaxt., hxo nocjie^oBaxejiBHocxt qn = ^^^=0 (fc) (^+l)n+fc&"'~'^ 
y^oBjiexBopaex xoMy ace pexyppeHXHOMy ypaBHeHHio, h cjie^oBaxejitHO, no jiHHefiHocxH 
nocjieflOBaxejiBHOcxb xaKJKe aBjiaexca pemeHHeM xoro ace ypaBHeHHa. Mbi ne bbi- 
HHCbiBaeM 3XO ypaBHeHHe b o6iri;eM BH^e b CHjiy rpoMos^KocxH ero K03(|)(|)Hii;HeHX0B. 
OflHaKo, npH KOHKpexHBix sHaneHHax a h 6 sxo jierxo mojkho c^ejiaxb (cM.,HanpHMep, 
saMenaHHa k cjic^cxbhhm [H Ellll) • 

JleMMa 5. CnpaeedAueu acuMnmomunecKue (fiopMyAU 



g„ = (2n)!^(c(a,6) + 0(n-V2)) 



n — )■ oo, 



n 

/2bn 



ede c{a,b) = 2V(v^r(a + 1)63^/^(86)1/^). 

^OKasaTejifaCTBO. AcHMnxoxHKy nocjie;i,oBaxejit>HocxH g„ nafl^eM, cjiepys ueTopy 
pa6oxt>i HcnojiBsya jieMMy [1] h npoBe^a nocjieflOBaxejiBHoe HHxerpnpoBaHHe no 
nacxHM, naxoflHM 



r(a + i) Jo 



"l" l,2n+a+l roo / \ (") 



n\ r(a + l)7o V(^-l)''+V 
J\a.jiee ^ocjioBno noBxopaa paccy>K/i;enHJi ns [4j cxp. 56-59], nojiynnM 

L2n+a+l 2n+a+3/4 poo 

(17) qn = , / e-^^^y^Uy) dy (1 + 0(n-i/^), 

2A/7ri(a + l) Jo 

rfle 

<^i(y) = 2 ln(y^ + l/^) + Iny - 6y, ^^(y) = + l/Mv'"'^'^- 

OyHKn;H5i ^i{y) ^ocxnraex rjio6ajiBnoro MaKCHMyMa na nojiyocn (0, +oo) b xonxe 
2/5- l/v/26^+3/(8n) + 0(n-3/2). j^^^ 

3XOM HMeeM 

^i(yo) = 2 ln(2/6) - 2 + ./^ - 1^ + ©(n-^^/^), 

V n 8n 

^'i'(?/o) = -y + 0(n-V2), 

a+1/4 
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HpHMeHaa ueToji nepeBajia k HHTerpajiy (fT7|) . nojiy^HM acHMnTOXHHecKyio (|)opMyjiy 



AcHMHTOTHKy ocTaTKOB npH6jiH>KeHHH En Hafi^^eM, Hcnojibsya jieMMyHlH MeTOfl, Jlanjiaca 
jlJis KpaTHbix HHTerpajiOB (cm. [13> §4]). Cfl^ejiaeu b HHxerpajie ( fT6l) saMeny nepeMennbix 
X = nu, y = v/y/nu, nojiyiHM 



^2n+a+1^3n+a+2 rco poo 

;i8) En = ^ / / g{u,v)P{u,v)dudv, 



JO 



„, , uviu — l/nYe ^ . . u"-iu — lln) 

f{u, V) = - — ■ — — T, 9{u, v) 



r^e 

KaK HexpyflHo BHflexb, (|)yHKii;H5i f{u,v) ^ocxnraex rjioGajiBHoro MaxcHMyMa b o6jiacxH 
u > 0, f > B xoHKe (Mo,fo), r^e uq = 2/6+ 1 / y/2bn + 3 / {8n) + 0{n~^/'^), Vo = 1. IIpH 
3XOM HMeeM 

f(uo,vo) = ^(v^-l)V^"" =exp(2\n(2/b)-lnn-2-J2b/^-3b/(8n) + 0(n-^/^)), 



-2 



HpHMeHaH Mexo^i; JIanjiaca k HHxerpajiy (fT8|) . nojiy^HM 

!,2n+a+l„3n+a+2 o 

r(a+l) nVA 

/I ^ + |^("o,fo) ^{«o,«o)\ 
rne A = det , h cjierroBaxejibHO, 

E„ = rlri 1)61/4 e-^-v^-^^/^(l + 0(n-V2)) ^ (2n)!^(2vrc(a, 6) + 0(n-^/^)). 

JleMMa flpKasaHSi. □ 
TeopeMa [1] jiexKo cjie^yex h3 jicmm [3H5l 

4. CbOHCTBA OBOBIHEHHblX MHOBOHJIEHOB JIABEPPA. 

Hycxb Oi, . . . , as G M, ai, . . . , > —1 h ni, . . . , i];ejit>ie HeoxpHn;axejibHL.ie HHCJia. 
OnpeflejiHM o6o6iri;eHHL.ie MHoroHjienbi Jlareppa Ls{x) = -^["^^ ' peKypcHBHO. Hojio- 
JKHM Lq{x) = 1 h 

(19) LJx) = ^^(x"^+'^^e-"L,_i(a;))("^), s > 1. 

12 



JleMMa 6. flAH o6o6ineHHUX MHoeoHAenoe JIaseppa UMeem Mecmo npedcmaeACHue 
l^^^^^Y^ ^ -Q /^n^- + + fci + ■ ■ ■ + kj.i\ i-x)''^ 

ki=0 ks=Oj=l 



rij kj J kj\ 



^OKasaTejibCTBO. /I,oKa3aTejibCTBo npoBeflCM HH^yKi^Heli no s. HpH s = HMeeM 
Lo{x) = 1. HpH s = 1 nojiynacM KjiaccHnecKHe MHoroHjienbi JIareppa 

'rii + fli \ {—x) 



i—r\ V ^ / 



,ni — k / k\ 

HycTb s > 1, H npe^nojioJKHM, hto yxBepjKfleHHe Bepno s — 1 BKjiioHHTejTbHO. Tor^a 
HMeeM 

^ ' £ (~^)'' /n,- + g,- + fci + ■ ■ ■ + 

jit- "ft (Ir) n ^ " ■ ^ *^-') X (-)' 

{n, + a, + E;=; _ >^ >^ A /n,- + a,- + fci + ■ ■ ■ + {-xf^ 



X 



E En 



^ ^ '''^ fci=o fc3=oi=i ^ J J /J 



H jieMMa ^oKaaana. □ 

JleMMa 7. nycm-b s, rii, . . . ,ns G N, Oi, . . . , G M, Oi, . . . , > —1, u aj — ak ^ 

Z npu j 7^ A;. /Jasi o6o6'ui,eHHux MHoeoHACHoe JIaaeppa uMewm Mecmo CAedywinue 
coomHomeHUfi opmosoHaAtHocmu 

POO 

(20) / t'+'''"L,(t)e-*rft = 0, / = 0,l,...,n^-l, m = l,...,s. 

Jo 

KpoMe mo20, npu v^caom I > rim umccm 

r t'+'^-L,(t)e-* dt = + a„ + 1) fj + ^™ " "A . 



(21) 

^OKasaTejifaCTBO. Kax jierKo BHfleTb h3 (I19p . ^jia MHoroHjienoB Ls{x) cnpaBe^jiHBa 
(|)opMyjia PoflpHra 



j = l L 



-X 



Tj\e onepaTopt.1, cTOHmHe b KBa^paxHtix cKoGxax, KOMMyxHpyioT Meac^y co6oh (cm. [21 
§2.3]). Hcnojibsya cbohctbo KOMMyxHpoBaHHa h nm^-KpaxHoe HHxerpHpoBaHHe no nac- 
X3M, jierKO nojiynaeM (120|) . PaBencxBO ( 12T]) nenocpe^cxBenno cjie^yex h3 (|)opMyjii>i 
HnxerpnpoBanHH no nacxsM. □ 
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Jlflii MHoroHjieHOB As^n{x) = ' onpe;];ejieHHL.ix b (|)opMyjiHpoBKe xeopeMbiO 



HMeeM. 



JleMMa 8. pLO^ §4.2] Uycmb s,n G N. /Jasi o6o6m,eHHux MHosoHAenoe JIaseppa Ag^n 
UMemm Mecmo CAedymvuue coomHomeHUH opmodOHaAtHOcmu 

POO 

(22) / t^As,nit)\n{ty-^e-Ut = 0, / = 0, 1, . . . , n - 1, j = l,2,...,s. 

Jo 

^OKasaTejifaCTBO. Jlerxo cjie^^yex hs 4)opMyjibi HHTerpHpoBaHHa no nacxaM. □ 
JleMMa 9. IJpu s, /, n G N U {0} u I > n umccm 

(a) r t'A.,„(t)e-'dt = C 



k=l 

s-1 



sn poo 



(c) / t'A,,^{t)\n'{t)e-'dt = (M (^2(/ + l)+^'(/ + l))-2/^ 



A:=l ^ ^ ^ ^ \fc=l 



^OKasaTejifaCTBO. HpH s = MHoroHjien A^nit) To>K;i,ecTBeHHo paBen 1, h xpeGye- 
Mbie yTBep>K;];eHHH jierKO cjieflyiOT h3 jieMMt.i[TJ Hpn s > 1 no (|)opMyjie nnTerpHpoBanna 
no nacTHM nivieeM 
(23) 

J,,, := (-1)^" / t'A,,r.{t)Hty-'e-'dt=^-^ / {t'\n{ty-'Y^'>eAs.,,n{t)e-'dt. 

Jo Jo 

OTKy^a, B HacTHocTH, nojiynaeM Ig i = n 4)opMyjia (a) flOKaaana. ^jia 

^OKaaaxejibCTBa (6) BbinncjinM n-yio nponsBo^nyio npoH3Be/i;eHH5i ln(t) no npaBHjiy 
JIeii6HHu,a, HMeeM 



(i'ln(t))(") = ± W(t^)("-'=)(ln(t))('=) = ln(t) - f: 

fc=0 ^ ^ \ ^ ^ fc=l 

H cjie;];oBaTejibno, c ynexoM (123|) n (a) naxo^HM 



(-i)V ^ 



72 / — ^ /e \n — k 

k=l 



OTKy^a (|)opMyjia (6) jierxo cjie;];yeT mij\yKn}ie'a no s. A^n^ flOKasaTejibCTBa (c), anajio- 
rnnno, no npaBHjiy /IeH6nHn;a naxo^HM 



(t'ln(t)2)W =n!t'- 



^ fc=l ^ ^ 
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Torfla H3 (123 p nojiynaeM 




H TpeGyeMoe yTBep>K;];eHHe jierKo cjie^^yex no HHflyKii;HH no napaneTpy s. □ 
Ha jieMML.1 [9] jierxo nojiynaeM cjie^yiomee yxBepacfleHHe. 

JleMMa 10. IIpu s,l,n eNU {0} ul>n 

POD 

i-iy^ / t'A,,„(t)(ln(t)2 + 27ln(t))e-* dt = p^,„(C(2) - 7') + qi,n, 
Jo 

^de pi^n = l^-ilY u ^qi,n e 



5. /lOKASATEJIbCTBO TEOPEMbI 2. 

PasjioJKHM HHTerpaji Js,n{x) B jiHHefiHyio (|)opMy ot nnceji 1 n 7, ncnojibsya jieMMy 
IHl JXjis 3Toro sannmeM „ b Bnj^e 



A, „(t)^£:!^±ii^l:iA!^ ln(t)e-* dt. 
t — X 



(24) + 



Ho jieMMe E] npeoGpasyeM nacxnoe p,Byx MHoronjienoB, HMeeM 



fei=0 ks=Oj=l J \ J ^ 1=0 



.+ks-l-l 



Hcnojibsya cooTnomenna opToronajibnocxH (122|) n jieMMy [9l nojiynaeM 



JO I — X 



ki=0 ks=0 l=n+l j=l ^' 



n — kj 



ki + ...+ks>n+2 

00 



n n ki + ...+ks~l / i \fc / , ; , ; n 

(25) =±i:...E E n^(C ^" 

fci=o fcs=o i=n+i j=i r \ i 

fci+...+fcs>n+2 
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AnajiorKHHo, fl^jis BToporo HHTerpajia HMeeM 
(26^ 

n+1 n+1 fci + ...+fcs-l s / / ,1,7 , , ; 

ki + ...+ks>n+l 



X 



HaKOHeu,, hs ([21D-([2SD nojiynaeM Js,n{x) = Qs,n{^h - Ps,n{x), Tj\e n!*~^Q5_„(x) G 
D„n!*~^Ps,n(a^) £ H xeopeMa ^oKasana. □ 
HpH s = 2 H3 TeopeMt.1 |2] nojiynaeM cjieflCTBHe [5l Hpn s = 3 nojiynaeM nepBMX 
flBa BKjiioHeHHH cjie;];cTBH3 Ei Aji^ ;];oKa3aTejibCTBa Tpextero BKjiioHeHHa pasjiojKHM 
HHxerpaji, cTOHmHii b jieBofi nacxH (|)opMyjii.i ([8]), no jieMMe [TOl HneeM 

Jo i — t 

n+1 n+1 n+1 3 . 1 Afej i 1 i Z, i i N ^i+fca+fca-l .oo 

fci=ofc2=ofc3=oi=i r \ J / >/o 

fci+A:2+A:3>n+l 

X iHtf,2M-'M-± E En^("^ V:,.^''-') 

fci=ofc2=ofc3=oi=i r ^ 'J / 

fcl+fc2+fc3>"+2 

fci+fc2+fc3-l ^oo n+1 n+1 n+1 3 ^ 



X 



-rr>,:^-rn,;j — ±«QQ /t-r-L /t-r_L /t-pj- o 

E / t'A^,n+i{t){Htf + 27ln(t))e-*cit = E E E H 

Z=n+1 •'^ fcl=0fc2=0fc3=0i=l 



fcl+fc2+fc3>"-+l 

A:i+fc2+fc3-l 



(1-11,1 I 7 \ Ki^K2^Ka~ L 

■' l=n 

-EEE^^^(^ V:,,^^") E (a..«(c(2)-7v,. 

fcl=0 fe2=0 fc3=0 j=l J- \ 3 / i=n+l 

fci+A:2+A;3>n+2 
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H cjie^cTBHe O nojiHocTbK) flOKaaaHo. 



□ 



6. /lOKASATEJlbCTBO nPEflJI0>KEHH5I 1. 
Ha paBCHCTBa jierxo cjie^yex, hto 

Qn{a,x) = — — — / te dt 

T{a + l)Jo t-x 



H 

f+OO 



J-) / \ / ^n,a{x) A.n-\-l^a 

[t) - An+1 

in(Oj^X) — / ; 6 CLT. 

Jo t-x 
IlepenHineM MHoroHjien Qn{a,x) b Bnp^e 

r(a + l)yo a;-t 

1 f°° A /,\^n,a{x)—An^a{t),a-t 



r(a + i)7o x-t 

TaK KaK 

A; = j=0 

TO npHMeHHH K HHTcrpajiy Ji jieMMy [TJ HMeeM 



n — k J \n — j J k\j\ 



fc=0 j=0 l=n+l ^ / J 



k= 

k+j>n+2 



CjieflOBaTejiBHo, Ji sBjiHeTca MHoroHjienoM ot x cxeneHH, ne npeBocxo^^Hmefi n — 2. 
Bojiee Toro, HcnojitsyH xopomo HSBecxHoe cbohctbo GHHOMHajibHbix K034)(|)Hn;HeHTOB 
(cm., HanpHMep, j6l jieMMa 4.1]) 



nojiynaeM n! (denx)"'~^yU^" Ji G Z. AnajiornHHo, ^jih HHxerpajia J2 HMeeM 



A,.=0 j=0 i=n 
k+j>n+l 



OTKy;];a cjie^yex, hto + 1) ■ + 1)! [dewx)^^^ ^^J^^^ J2 G Z, h TpeGyeMoe BKjiioHeHHe 
fljis MHoroHjieHOB Qn{a,x) flOKaaano. 

AHajiorHHHbiM oGpaaoM, pacKjia^biBaa HHxerpaji, onpe^ejiHiomHH MHoroHjien -P„(a, x), 
HMeeM Pri(<^5 x) = J4 — J3, vj\e 



n n k+j—1 



•'^^EEE 

k=0 j=0 
k+j>n+2 



n + a\ fn + k\ fl- a\ f I \{-lf+n\^^^._i_^ 



,n — k J \n — j J \n + 1 J \n + 1 J k\ j\ 
k=o j=0 l=n+l ^ J / \ / \ / J 
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'^'^ Z^Z^ L + 1 _ ^ ) ( ^+ 1 _ ) I n )\n) k\j\ ^ 

k=0 j=0 l=n ^ / \ ' J / \ / \ / J 

k+j>n+l 

OxKy^a cjie^yex, hto 

n\ (den x)"" Vf^^ J3 e Z, (n + 1)^71! (den Vf'*'^ e Z, 
H npe^jiojKeHHe flOKasano. □ 

7. 3AKJlK)MHTEJIbHbIE 3AMEMAHH5I. 

B saKjiioHeHHe, cpaBHHBaa o6e KOHCTpyKn;HH AnTexapeBa h PnBoajiJi, sa^^aiomne pa- 
n;HOHajiBHB.ie npnGjinjKeHHH KOHCTaHTti Sfljiepa 

(27) ^-^ = 0(e-2^) HJIH ^p^-j£^q^ = 0{rn--'/'e-^), 

Qn n\ nl 

H 

(28) 

r^^e g„ onpe^ejienbi b ([5]), a P„ = P„(l), Q„ = Q„(l) (cm. ({6])), aaMexHM, hto 

KOHCTpyKI],H3 PHBOajIH ( 128|) HeCKOJIBKO "6jIH>Ke" K flHO(|)aHTOBt.IM npH6jIH>KeHHaM B TOM 
CMBICJie, HTO JIHHeHHbie cJ)OpMt.I B (I27P H (128 P HMeiOT I];ejlt.ie K03(j3(j3HII,HeHTL.I, H (|)OpMbI 

B (l28l) pacxyT Me^^jiennee, hbm (|)opML.i b (1271) . C ;];pyroH cxopoHbi, sHaMenaxejiH b (1271) 

Bbipa>KaioTC3 B ^ocTaxoHHo KOMnaKTHOH 4)opMe ^22=0 (fe)^(^ + /;;)! H no cBoeMy BH^y 
nanoMHHaioT HHCjia Anepn 

fc=0 ^ / ^ / fe=0 V / V 

KOTOpbie 5IBJI5IIOTC5I 3HaMeHaTejI5IMH ^HO(|)aHTOBL.IX HpHGjIHJKeHHH HHCCJI ({2) H ^(3) 

(cm. [SI in]), no3Bojiaioii];Hx ^oKasaxt Hppan;HOHajiBHocTB ({2) h C(3)- Hncjia Anepn 
yflOBjreTBopsioT pcKyppenxntiM ypaBnennHM Bxoporo nopa^Ka c nojinnoMnajibntiMn 
K03(|)(|)nn,nenTaMn. HosTOMy Gbijio 6bi nnxepecno, c o;i,noH cxoponbi, nanxn pan,HO- 
najit.nt.ie npnGirajKenna Koncxanxbi Snjiepa, 3a;];aBaeMt.ie peKyppenxHbiM ypaBnenneM 
Bxoporo nopa^Ka, c ^pyron — nontixaxbca yjiynmnxb CKopocxt. cxo;];nMocxH pan;no- 
najibnbix npnGjinacennn, x. e. nanxn nocjie;],OBaxejinocxB pan,nonajiBnt>ix ppoGen pn/Qn, 
cxo;i,atti;nxca k 7 reoMexpnnecKn. 
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